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AUTOMORPHISMS OF CUBIC SURFACES WITHOUT POINTS
CONSTANTIN SHRAMOV
Abstract. We classify finite groups acting by birational transformations of a non-
trivial Severi–Brauer surface over a field of characteristc zero that are not conjugate to
subgroups of the automorphism group. Also, we show that the automorphism group of a
smooth cubic surface over a field K of characteristic zero that has no K-points is abelian,
and find a sharp bound for the Jordan constants of birational automorphism groups of
such cubic surfaces.
1. Introduction
Given a variety X , it is natural to try to describe finite subgroups of its birational
automorphism group Bir(X) in terms of the birational models of X on which these finite
subgroups are regularized. In dimension 2, this is sometimes possible due to the well
developed Minimal Model Program. In the case of the group of birational automorphisms
of the projective plane over an algebraically closed field of characteristic zero, this was
done in the work of I. Dolgachev and V. Iskovskikh [DI09]. Over algebraically non-closed
fields, some partial results are also known for non-trivial Severi–Brauer surfaces, i.e. del
Pezzo surfaces of degree 9 not isomorphic to P2 over the base field. Note that the latter
surfaces are exactly the del Pezzo surfaces of degree 9 without points over the base field,
see e.g. [Ko16, Theorem 53(2)].
Recall that a birational map Y 99K X defines an embedding of a group Aut(Y )
into Bir(X). We will denote by rkPic(X)Γ the invariant part of the Picard group Pic(X)
with respect to the action of a group Γ, and by µn the cyclic group of order n. The
following partial description of finite groups of birational automorphisms of non-trivial
Severi–Brauer surfaces is known.
Proposition 1.1 ([Sh20a, Proposition 3.7], [Sh20a, Corollary 4.5]). Let S be a non-
trivial Severi–Brauer surface over a field K of characteristic zero, and let G ⊂ Bir(S)
be a finite subgroup. Then G is conjugate either to a subgroup of Aut(S), or to a
subgroup of Aut(S ′), where S ′ is a smooth cubic surface over K birational to S such
that rkPic(S ′) = 3 and rkPic(S ′)G = 1. In the latter case G is isomorphic to a subgroup
of µ3
3
.
However, it was not known whether the second of the two cases listed in Proposition 1.1
can indeed occur. The first goal of this paper is to construct such examples and thus com-
plete the classification of finite subgroups of birational automorphism groups of non-trivial
Severi–Brauer surfaces that are not conjugate to subgroups of automorphism groups.
Theorem 1.2. Let G be a finite group. Then there exists a field K of characteristic
zero and a non-trivial Severi–Brauer surface S over K such that G is isomorphic to a
subgroup of Bir(S) not conjugate to a subgroup of Aut(S) if and only if G is isomorphic
either to µ
3
, or to µ2
3
, or to µ3
3
.
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Proposition 1.1 was used in [Sh20a] to study finite subgroups of birational automor-
phism groups of non-trivial Severi–Brauer surfaces.
Theorem 1.3 ([Sh20a, Theorem 1.2(ii)], [Sh20b]). Let K be a field of characteristic zero,
and let S be a non-trivial Severi–Brauer surface over K. Let G be a finite subgroup
of Bir(S). Then G is either abelian, or contains a normal abelian subgroup of index 3.
Furthermore, there exists a field K0 of characteristic zero, a non-trivial Severi–Brauer
surface S0 over K0, and a finite subgroup G0 ⊂ Aut(S0) such that the minimal index of a
normal abelian subgroup in G0 equals 3.
Using the notion of Jordan constant (see [Po14, Definition 1]), one can reformulate
Theorem 1.3 by saying that the Jordan constant of the birational automorphism group
of a non-trivial Severi–Brauer surface over a field of characteristic zero does not exceed 3,
and this bound is attained over suitable fields. We refer the reader to [Ya17, Theorem 1.9]
for an analog of this result for the group of birational automorphisms of the projective
plane.
As a by-product of the constructions used in this paper, we prove an analog of The-
orem 1.3 for automorphism groups of cubic surfaces without points over the base field
(including those that are not birational to any Severi–Brauer surface).
Theorem 1.4. Let K be a field of characteristic zero, and let S be a smooth cubic surface
over K. Suppose that S has no K-points. The following assertions hold.
(i) The group Aut(S) is abelian.
(ii) Every finite subgroup of Bir(S) has a normal abelian subgroup of index at most 3.
(iii) There exists a field K0 of characteristic zero, a smooth cubic surface S0 over K0
with S0(K0) = ∅, and a finite subgroup G0 ⊂ Bir(S0) such that the minimal index
of a normal abelian subgroup in G0 equals 3.
In other words, if S is a smooth cubic surface over a field K of characterisitic zero
with S(K) = ∅, then the Jordan constant the group Bir(S) equals 3, and this bound is
attained for certain cubic surfaces over suitable fields.
The plan of the paper is as follows. In Section 2 we prove some auxiliary results
concerning birational geometry of cubic surfaces. In Section 3 we provide a construction
that proves Theorem 1.2. In Section 4 we discuss automorphisms of plane cubic curves.
In Section 5 we prove the first assertion of Theorem 1.4. In Section 6 we make some
additional observations on del Pezzo surfaces of degree 6. In Section 7 we complete the
proof of Theorem 1.4.
Notation and conventions. We denote by Sn the symmetric group on n letters.
Given a field K, we denote by K¯ its algebraic closure. If X is a variety defined over K
and L is an extension of K, we denote by XL the extension of scalars of X to L. By a
point of degree r on a variety defined over some field K we mean a closed point whose
residue field is an extension of K of degree r; a K-point is a point of degree 1. The set of
all K-points of X is denoted by X(K).
A del Pezzo surface is a smooth projective surface with an ample anticanonical class.
For a del Pezzo surface S, by its degree we mean its (anti)canonical degree K2S. Del Pezzo
surfaces of degree 3 are exactly smooth cubic surfaces.
Acknowledgements. I am grateful to A.Trepalin and V.Vologodsky for useful dis-
cussions.
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2. Birational models of cubic surfaces
The following assertion is known as the theorem of Lang and Nishimura.
Theorem 2.1 (see e.g. [VA13, Lemma 1.1]). Let X and Y be smooth projective varieties
over an arbitrary field K. Suppose that X is birational to Y . Then X has a K-point of
degree at most d if and only if Y has a K-point of degree at most d.
It appears that a cubic surface without K-points cannot be birationally transformed to
del Pezzo surfaces of most other degrees.
Lemma 2.2. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then S has no points of degree 2 over K.
Proof. Suppose that S contains a point P of degree 2 over K. Let L be the line in P3
passing through P ; then L is defined over K as well. Note that L always has a K-point.
If L is contained in S, then S has a K-point. If L is not contained in S, then the third
intersection point of LK¯ with SK¯ is Gal
(
K¯/K
)
-invariant and thus is defined over K. 
Corollary 2.3. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then S is not birational to del Pezzo surfaces of degree 1 and 2.
Proof. A del Pezzo surface of degree d over K always has a K-point of degree at most d.
Thus the assertion follows from Theorem 2.1 and Lemma 2.2. 
Lemma 2.4. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then S is not birational to del Pezzo surfaces of degree 4.
Proof. Suppose that S is birational to a del Pezzo surface S ′ of degree 4. Then S ′ has
no K-points by Theorem 2.1. However, S has a point of degree 3 over K, and thus
Theorem 2.1 implies that S ′ also has a point P of degree 3. Let P1, P2, and P3 be the
three points of PK¯.
Consider the anticanonical embedding S ′ →֒ P4. Suppose that the points P1, P2, and P3
are collinear, and consider the line L in P4
K¯
passing through them. Then L is Gal
(
K¯/K
)
-
invariant and thus defined over K. Since it has at least three common points with the
surface S ′, and S ′ can be represented as an intersection of two quadrics in P4, we conclude
that L is contained in S ′. Since L has a K-point, we see that S ′ has a K-point as well,
which gives a contradiction.
Therefore, the points P1, P2, and P3 are not collinear. Let Π be the plane in P
4
K¯
passing
through these three points. Then Π is Gal
(
K¯/K
)
-invariant and thus defined over K. If
the intersection S ′
K¯
∩Π is zero-dimensional, it is easy to see that it consists of P1, P2, P3,
and one more point P4. The point P4 is Gal
(
K¯/K
)
-invariant and thus defined over K.
If C = S ′
K¯
∩ Π is one-dimensional, then the union of its one-dimensional irreducible
components is either a line L, or a pair of coplanar lines L1 ∪L2, or an irreducible conic.
In the first case, the line L is defined over K, and thus contains a K-point. In the second
case, the point L1 ∩L2 is defined over K. In the third case, the conic C is defined over K
and contains the point P of degree 3 over K, which implies that it also contains a K-point.
In every possible case, we see that S ′ has a K-point, which gives a contradiction. 
Lemma 2.5. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then S is not birational to del Pezzo surfaces of degree 5 and 7.
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Proof. A del Pezzo surface of degree 5 or 7 over K always has a K-point, see for in-
stance [VA13, Theorem 2.5]. Thus the assertion follows from Theorem 2.1. 
Lemma 2.6. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then S is not birational to a del Pezzo surface of degree 8.
Proof. Suppose that S is birational to a del Pezzo surface S ′ of degree 8. One
has S ′(K) = ∅ by Theorem 2.1. If S ′
K¯
is not isomorphic to P1 × P1, then S contains a
(−1)-curve defined over K; this implies that S ′ has a K-point, which gives a contradiction.
Therefore, we see that S ′
K¯
∼= P1 × P1. Hence the surface S ′ is isomorphic either to a prod-
uct C1 × C2, where C1 and C2 are conics over K, or to the Weil restriction of scalars RL/KQ
of a conic Q defined over some quadratic extension L of K, see e.g. [ShV18, Lemma 7.3(i)].
Note that S always has a point of degree 3 over K. By Theorem 2.1, this implies that S ′
has a point of degree 1 or 3 over K. Since S ′ has no K-points, we conclude that it has a
K-point of degree 3. If S ′ ∼= C1 × C2, then each of the conics Ci contains a point of odd
degree over K, and hence C1 ∼= C2 ∼= P1. This means that S ′ has a K-point, which gives a
contradiction. If S ′ ∼= RL/KQ, then the conic Q contains a point of degree 3 over L, and
hence is isomorphic to P1. Thus Q has an L-point, and so S ′ has a K-point, which again
gives a contradiction. 
Remark 2.7. If S is a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅, then S is not birational to any surface with a point of degree at most 2
over K by Lemma 2.2 and Theorem 2.1. Therefore, in some cases the assertion of
Lemma 2.6 can be deduced from the existence of such a point on the del Pezzo sur-
face S ′ of degree 8; for instance, this is always the case when S ′ is a quadric in P3, or
when rkPic(S ′) = 1, cf. [ShV18, Lemma 7.3].
The next assertion follows from the classification of Sarkisov links of type IV,
see [I96, Theorem 2.6].
Lemma 2.8. Let S be a del Pezzo surface of degree different from 1, 2, 4, and 8 over a
field of characteristic zero such that rkPic(S) = 2. Suppose that one of the two extremal
contractions from S is a conic bundle. Then the other extremal contraction is not a conic
bundle.
Now we can describe possible birational models of cubic surfaces without points.
Lemma 2.9 (cf. [Sh20a, Corollary 2.5]). Let S be a smooth cubic surface over a field K
of characteristic zero with S(K) = ∅. The following assertions hold.
(i) One has rkPic(S) 6 3.
(ii) If rkPic(S) = 3, then S is birational to a non-trivial Severi–Brauer surface.
(iii) If rkPic(S) = 2, then S is birational either to a non-trivial Severi–Brauer surface,
or to a del Pezzo surface S ′ of degree 6 with rkPic(S ′) = 1.
Proof. Suppose that rkPic(S) > 2. If rk Pic(S) > 3, then there is an extremal contrac-
tion S → S ′ to a smooth surface S ′. If rk Pic(S) = 2, then there also exists an extremal
contraction S → S ′ to a smooth surface S ′ by Lemma 2.8. In both cases S ′ is a a del
Pezzo surface of degree d′ > 3 with
rkPic(S ′) = rkPic(S)− 1.
Note that S ′ has no K-points by Theorem 2.1. Furthermore, by Lemmas 2.4, 2.5, and 2.6,
one has d′ = 6 or d′ = 9. In particular, this proves assertion (iii).
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Now suppose that rkPic(S) > 3. Then rkPic(S ′) > 2, and hence d′ cannot be equal
to 9; so, we have d′ = 6. As before, it follows from Lemma 2.8 that there exists an
extremal contraction S ′ → S ′′ to a del Pezzo surface S ′′ of degree d′′ > 6 with
rkPic(S ′′) = rkPic(S ′)− 1.
Applying Lemmas 2.5 and 2.6, we conclude that d′′ cannot be equal to 7 and 8. Therefore,
one has d′′ = 9, so that S ′′ is a Severi–Brauer surface. In particular, one has rk Pic(S ′′) = 1,
and hence rkPic(S) = 3. This proves assertions (i) and (ii). 
We will obtain a more complete classification of birational models of cubic surfaces
without points later in Corollary 6.8.
For the next result we refer the reader to [Ma86, Theorem V.5.1] and [Ch05, Theo-
rem 1.5.6]; it can be also deduced from [I96, Theorem 2.6].
Theorem 2.10. Let S be a smooth cubic surface over a field K of characteristic zero
such that rkPic(S) = 1. Let S ′ be a smooth surface over K such that S ′ is either a del
Pezzo surface with rkPic(S ′) = 1, or a conic bundle with rkPic(S ′) = 2. Suppose that S ′
is birational to S. Then S ′ ∼= S. Moreover, if S(K) = ∅, then Bir(S) = Aut(S).
Corollary 2.11. Let S be a smooth cubic surface over a field K of characteristic zero such
that S(K) = ∅ and rkPic(S) = 1. Let S ′ be a smooth surface over K such that S ′ is either
a del Pezzo surface or a conic bundle. Suppose that S ′ is birational to S. Then S ′ ∼= S.
In particular, S ′ is not a conic bundle.
Proof. If there is a conic bundle structure S ′ → C, we can perform extremal contractions
over C if necessary and assume that rkPic(S ′) = 2; this is impossible by Theorem 2.10.
Therefore, we will assume that S ′ is a del Pezzo surface. Let d′ be the degree of S ′. Note
that d′ > 3 by Corollary 2.3. Suppose that either d′ > 3, or d′ = 3 and rkPic(S ′) > 1. We
can perform several extremal contractions if necessary and obtain a del Pezzo surface S ′′
of degree d′′ > 3 and rkPic(S ′′) = 1. The surface S ′′ is birational to S, which is again
impossible by Theorem 2.10. 
The following result is a partial generalization of Theorem 2.10 to the equivariant
setting; it is well known to experts.
Lemma 2.12. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Let G be a group acting on S such that rkPic(S)G = 1. Let S ′ be a
del Pezzo surface over K with rkPic(S ′)G = 1, and let ξ : S 99K S ′ be a G-equivariant
birational map. Then ξ is an isomorphism.
Proof. Suppose that ξ is not an isomorphism. Choose a very ample G-invariant linear
system L ′ on S ′, and let L be its proper transform on S. Then L is a mobile non-empty
G-invariant linear system on S. Since rkPic(S)G = 1, we can write
L ∼Q −θKS
for some positive rational number θ. It follows from the Noether–Fano inequalities
(see [I96, Lemma 2.4(ii)]) that one has multP (L ) > θ for some point P on S. Let r
be the degree of P , and let L1 and L2 be two general members of the linear system L
(defined over K¯). We see that
3θ2 = L1 · L2 > rmultP (L )2 > rθ2,
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and thus r 6 2. On the other hand, S has no points of degree 1 and 2 over K by
Lemma 2.2. The obtained contradiction shows that ξ is an isomorphism. 
3. Main example
In this section we provide a construction that proves Theorem 1.2.
Let k be an algebraically closed field of characteristic zero, and let K = k(λ, µ), where λ
and µ are transcendental variables. Consider the cubic surface S over K given in the
projective space P3 with homogeneous coordinates x, y, z, and t by the equation
λx3 + λ2y3 + µz3 + µ2t3 = 0.
It is straightforward to check that S has no K-points. Let ω be a non-trivial cubic root
of unity. Consider the linear transformations
σ1 : (x : y : z : t) 7→ (ωx : y : z : t),
σ2 : (x : y : z : t) 7→ (x : ωy : z : t),
σ3 : (x : y : z : t) 7→ (x : y : ωz : t).
Then σ1, σ2, and σ3 generate a subgroup G of Aut(S) isomorphic to µ
3
3
.
Recall that the action of the groups Aut(S) and Gal
(
K¯/K
)
on (−1)-curves on S ′ defines
homomorphisms of these groups to the Weyl group W(E6). Furthermore, the homomor-
phism Aut(S) → W(E6) is an embedding, see [Do12, Corollary 8.2.40]. Thus we can
identify the group Aut(S) with its image in W(E6). In the notation of [Ca72], the ele-
ments σi, 1 6 i 6 3, have type A
3
2
; this follows from the fact that the quotient of SK¯ by the
group Gi ∼= µ3 generated by the element σi is isomorphic to P2, and thus rkPic(SK¯)Gi = 1.
Let γλ and γµ be the images in W(E6) of generators of the Galois
groups Gal
(
K
(
3
√
λ
)
/K
)
and Gal
(
K
(
3
√
µ
)
/K
)
. Then γλ and γµ are elements of or-
der 3 that commute with each other. Furthermore, each of the 27 lines on SK¯ is defined
over the field K
(
3
√
λ, 3
√
µ
)
. Hence the image of the whole Galois group Gal
(
K¯/K
)
in the
Weyl group W(E6) is the group Γ ∼= µ23 generated by γλ and γµ.
Note that the group Γ can be generated by the elements
γ1 = γλγµ and γ2 = γλγ
−1
µ .
The element γ1 has nine invariant lines on SK¯, and the remaining 18 lines split into a
union of six γ1-invariant triples of pairwise disjoint lines. This means that γ1 has type A2
in the notation of [Ca72]; indeed, the other options for an element of order 3 are types A2
2
and A3
2
, but elements of any of these two types have no invariant lines on SK¯. Similarly,
the element γ2 also has type A2. Therefore, for i = 1, 2 the subspace Vi of the C-vector
space
V = Pic(SK¯)⊗ C
spanned by the eigen-vectors of γi with non-trivial eigen-values has dimension 2. Denote
by 〈V1, V2〉 the subspace in V generated by V1 and V2. We have
rkPic(SK¯)
Γ = dimV − dim〈V1, V2〉 > dimV − dim V1 − dimV2 = 7− 2− 2 = 3,
so that
rkPic(S) = rkPic(SK¯)
Γ > 3.
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In particular, S is birational to some non-trivial Severi–Brauer surface S0 by
Lemma 2.9(i),(ii), and G is embedded as a subgroup into Bir(S0).
Let G′ denote the subgroup of G generated by σ3, and let G
′′ denote the subgroup
generated by σ2 and σ3, so that G
′ ∼= µ3 and G′′ ∼= µ23. Since the element σ3 has type A32,
one has
rkPic(S)G
′
= 1.
According to Lemma 2.12, this implies there is no G′-equivariant birational map from S
to S0. Therefore, G
′ (and thus also G′′ and G) is not conjugate in Bir(S0) to a subgroup
of Aut(S0).
Together with Proposition 1.1, the above construction proves Theorem 1.2.
4. Plane cubics
In this section we discuss the action of the automorphism group of a plane cubic curve
without points over the base field on the inflection points of the curve.
Recall that every smooth plane cubic curve over a field K of characteristic zero has
exactly 9 inflection points over K¯. The set Σ ⊂ P2 of these points is defined over K.
On the other hand, the set ΣK¯ together with the lines passing through its points forms
a configuration (94, 123) isomorphic to the configuration of points and lines on the affine
plane A2 over the field F3 of three elements. Thus, the automorphism group of the
configuration ΣK¯ is isomorphic to the group
GA2(F3) ∼= µ23 ⋊GL2(F3)
of order 432 = 16 · 27; we refer the reader to [BK86, §7.3] for more details.
Lemma 4.1. Let H ⊂ GA2(F3) be a subgroup acting on A2(F3) without fixed points.
Then H contains an element of order 3.
Proof. Suppose that H has no elements of order 3. Then the order of H is a power of 2.
Since H has no fixed points on A2(F3), we conclude that A
2(F3) is a disjoint union of
H-orbits of even order. This is impossible because |A2(F3)| = 9. 
Corollary 4.2. Let C be a smooth plane cubic curve over a field K of characteristic zero,
and let Σ ⊂ P2 be the set of its inflection points. Suppose that Σ(K) = ∅. Then the image
of the Galois group Gal
(
K¯/K
)
in the group GA2(F3) ∼= Aut(ΣK¯) contains an element of
order 3.
5. Automorphism groups
In this section we prove the first assertion of Theorem 1.4.
Lemma 5.1. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Then the order of the group Aut(S) is odd.
Proof. The argument is identical to the one used in the proof of [Sh20a, Lemma 3.3].
Suppose that the order of Aut(S) is even. Then there exists an automorphism g of S of
order 2. The action of g on SK¯ can be of one of the two types listed in [T16, Table 2]; in
the notation of [T16, Table 2] these are types 1 and 2. If g is of type 1, then the fixed
point locus FixS
K¯
(g) of g on SK¯ consists of a smooth elliptic curve and one isolated point;
if g is of type 2, then FixS
K¯
(g) consists of a (−1)-curve and three isolated points. Note
that a Gal
(
K¯/K
)
-invariant (−1)-curve on S always contains a K-point, since such a curve
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is a line in the anticanonical embedding of S. Therefore, in each of these two cases we
find a Gal
(
K¯/K
)
-invariant point on SK¯, which gives a contradiction. 
Knowing that a group acting on a cubic surface has odd order provides strong restric-
tions on its structure. In particular, Lemma 5.1 implies the following.
Corollary 5.2. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Suppose that SK¯ is of one of the types II, V, VI, or VIII in the notation
of [Do12, Table 9.6]. Then the group Aut(S) is cyclic.
Proof. According to [Do12, Table 9.6], one has
Aut(SK¯) ⊂ S5.
On the other hand, the order of Aut(S) is odd by Lemma 5.1, and thus Aut(S) is a cyclic
group of order either 3 or 5 (note that S5 does not contain groups of order 15). 
Let H3 denote the Heisenberg group of order 27; this is the only non-abelian group of
order 27 and exponent 3. Its center z(H3) is isomorphic to µ3, and there is a non-split
exact sequence
1→ z(H3)→ H3 → µ23 → 1.
On the other hand, there is an isomorphism
H3
∼= µ23 ⋊ µ3.
Lemma 5.3. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅. Suppose that SK¯ is of one of the types I, III, or IV in the notation
of [Do12, Table 9.6]. Then the group Aut(S) is abelian.
Proof. The order of Aut(S) is odd by Lemma 5.1. Therefore, according to [Do12, Ta-
ble 9.6], the group Aut(S) is a subgroup of the 3-Sylow subgroup Θ ⊂ Aut(SK¯); one
has Θ ∼= µ33 ⋊ µ3 if SK¯ is of type I, and Θ ∼= H3 if SK¯ is of type III or IV. In either case
the central subgroup Ξ of Θ is isomorphic to µ
3
. Note that any subgroup of Θ that does
not contain Ξ is abelian. Thus we may assume that Aut(S) contains Ξ. Then S/Ξ ∼= P2,
and the quotient map
ν : S → P2
is defined over K. The branch curve of ν is a smooth plane cubic C. Since S has
no K-points, the curve C also has no K-points. Therefore, the image of the Galois
group Gal
(
K¯/K
)
in the automorphism group GA2(F3) of the configuration of the inflec-
tion points of CK¯ contains an element of order 3 by Corollary 4.2. Since the map ν is
Gal
(
K¯/K
)
-equivariant, we see that the image of Gal
(
K¯/K
)
in the Weyl group W(E6)
contains an element γ of order 3 such that γ is not contained in the image of the group Ξ
in W(E6). On the other hand, we know that the group Aut(S) must commute with γ.
Recall that the 3-Sylow subgroup ∆ of W(E6) is isomorphic to µ
3
3
⋊µ
3
. The center of ∆
is isomorphic to µ3, and according to our assumptions it coincides with the image in the
Weyl group W(E6) of the subgroup Ξ ⊂ Aut(S). Therefore, Aut(S) is isomorphic to a
subgroup of ∆ commuting with a non-central element γ ∈ ∆. It is straightforward to
check that any such subgroup of ∆ is abelian. 
The following example shows that in the notation of the proof of Lemma 5.3 the
subgroup in Aut(P2) preserving the plane cubic C may be non-abelian, although the
group Aut(S) is abelian.
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Example 5.4. Let k be an algebraically closed field of characteristic zero, and
let K = k(λ, µ), where λ and µ are transcendental variables. Consider the cubic surface S
over K given by the equation
µt3 = x3 + λy3 + λ2z3;
in the notation of [Do12, Table 9.6], the surface SK¯ has type I. It is easy to see that S
has no K-points. Let ω be a non-trivial cubic root of unity. Let σ1, σ2, and σ3 be the
automorphisms of S defined as
σ1 : (x : y : z : t) 7→ (ωx : y : z : t),
σ2 : (x : y : z : t) 7→ (x : ωy : z : t),
σ3 : (x : y : z : t) 7→ (x : y : z : ωt).
Let ν : S → P2 be the quotient by the group generated by σ3. Denote by C the branch
curve of ν. Then C is a smooth plane cubic given in P2 with homogeneous coordinates x, y,
and z by the equation
x3 + λy3 + λ2z3 = 0.
Let ω be a non-trivial cubic root of unity. The group G ∼= µ33 generated by σ1, σ2, and σ3
acts on S, and its quotient Gˆ ∼= µ23 generated by the linear transformations
σˆ1 : (x : y : z) 7→ (ωx : y : z),
σˆ2 : (x : y : z) 7→ (x : ωy : z),
acts on P2 so that the map ν is G-equivariant. The group Gˆ preserves the plane curve C,
but C actually has more symmetries. Namely, it is also preserved by the linear transfor-
mation
σˆ : (x : y : z) 7→ (λz : x : y).
Note that σˆ lifts to the automorphism
σ : (x : y : z : t) 7→
(
λz : x : y :
3
√
λt
)
of the surface SK¯. However, we can see from Lemma 5.3 (or check in a straightforward
way) that σˆ cannot be lifted to an automorphism of S.
Now we are ready to prove assertion (i) of Theorem 1.4.
Lemma 5.5. Let K be a field of characteristic zero, and let S be a smooth cubic surface
over K. Suppose that S has no K-points. Then the group Aut(S) is abelian.
Proof. Inspecting [Do12, Table 9.6] which lists all possible automorphism groups of
smooth cubic surfaces over fields of characteristic zero, we see that the group Aut(SK¯)
is abelian if SK¯ is of one of the types VII, IX, X, or XI; the group Aut(S) is cyclic by
Corollary 5.2, if SK¯ is of one of the types II, V, VI, or VIII; and Aut(S) is abelian by
Lemma 5.3, if SK¯ is of one of the types I, III, or IV. 
Remark 5.6. If S is a smooth cubic surface over a field K of characteristic zero such that SK¯
is of one of the types VII, IX, X, or XI, then S has a K-point. Indeed, if SK¯ is of one of
the types VII, IX, or XI, then SK¯ has a unique Eckardt point, see [Do12, Table 9.6]; note
that there is a typo for type VII in [Do12, Table 9.6], cf. the relation between Eckardt
points and certain involutions of cubics described in [Do12, Proposition 9.1.23]. Thus S
has a K-point. If SK¯ is of type X, then SK¯ has exactly two Eckardt points, and thus S
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has a K-point by Lemma 2.2. This means that these cases do not actually arise in the
proof of Lemma 5.5.
6. Del Pezzo surfaces of degree 6
In this section we make some observations on del Pezzo surfaces of degree 6.
Lemma 6.1. Let S be a del Pezzo surface of degree 6 over a field K of characteris-
tic zero such that S(K) = ∅ and rkPic(S) = 1. Let S ′ be a smooth surface over K
such that S ′ is either a del Pezzo surface with rkPic(S ′) = 1, or a conic bundle
with rkPic(S ′) = 2. Suppose that S ′ is birational to S. Then S ′ is a del Pezzo surface of
degree 6 with rkPic(S ′) = 1.
Proof. Choose a birational map S 99K S ′, and decompose it into a sequence of Sarkisov
links
S
χ1
99K S1
χ2
99K . . .
χn
99K Sn = S
′.
We know from [I96, Theorem 2.6] that S1 is again a del Pezzo surface of degree 6
with rkPic(S1) = 1. Moreover, one has Si(K) = ∅ by Theorem 2.1. Thus, the required
assertion follows by induction on n. 
Corollary 6.2. Let S be a del Pezzo surface of degree 6 over a field K of characteristic
zero such that rkPic(S) = 1. Suppose that S has no points of degree 1 and 2 over K.
Let S ′ be a smooth surface over K such that S ′ is either a del Pezzo surface or a conic
bundle. Suppose that S ′ is birational to S. Then S ′ is a del Pezzo surface of degree 3
or 6; in the latter case one has rkPic(S ′) = 1. Furthermore, S ′ is not a conic bundle.
Proof. If there is a conic bundle structure S ′ → C, we can perform extremal contractions
over C if necessary and assume that rkPic(S ′) = 2; this is impossible by Lemma 6.1.
Therefore, we will assume that S ′ is a del Pezzo surface. Let d′ be the degree of S ′. Note
that S ′ does not contain points of degree 1 and 2 over K by Theorem 2.1. In particular,
one has d′ > 2, because S ′ always has a K-point of degree at most d′. Similarly, d′ 6= 5
because a del Pezzo surface of degree 5 always has a K-point.
Suppose that either d′ > 6, or d′ = 6 and rkPic(S ′) > 1. We can perform several
extremal contractions if necessary and obtain a del Pezzo surface S ′′ of degree d′′ > 6
and rkPic(S ′′) = 1. The surface S ′′ is birational to S, which is impossible by Lemma 6.1.
Now suppose that d′ = 4. By Lemma 6.1 one has rkPic(S ′) > 1. Performing several ex-
tremal contractions, we obtain a del Pezzo surface S ′′ of degree d′′ > d′ and rk Pic(S ′′) = 1.
Again applying Lemma 6.1, we see that d′′ = 6. Thus the morphism S ′ → S ′′ contracts
two (−1)-curves over K¯, and so S ′′ contains a K-point of degree at most 2 over K. This
is impossible by Theorem 2.1.
Therefore, the only possible cases are d′ = 3 and d′ = 6, and in the latter case one
has rkPic(S ′) = 1. 
Let S be a del Pezzo surface of degree 6 over a field K of characteristic zero. Recall
from [Do12, Theorem 8.4.2] that
(6.3) Aut(SK¯) ∼=
(
K¯∗
)2
⋊ (S3 × µ2).
The configuration of (−1)-curves on SK¯ can be interpreted as a hexagon, and the
group S3 × µ2 on the right hand side of (6.3) can be identified with the automorphism
group of this configuration. Note that there are two possible ways to choose the factor S3
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in S3 × µ2; we will always assume that this subgroup is chosen so that it preserves the
two triples of pairwise disjoint (−1)-curves.
Lemma 6.4. Let S be a del Pezzo surface of degree 6 over a field K of characteristic
zero. Suppose that S has no points of degree 1 and 2 over K. Then the image of the
group Aut(S) in S3 × µ2 does not contain the central element z of S3 × µ2.
Proof. Suppose that the image of Aut(S) contains z. Let z˜ be an element of Aut(S)
mapped to z.
There exists a quadratic extension L/K such that the image of the Galois
group Gal
(
K¯/L
)
in S3 × µ2 is contained in the factor S3 of S3 × µ2. Thus Gal
(
K¯/L
)
preserves the two triples of pairwise disjoint (−1)-curves on SK¯. This means that the
surface SL has two contractions
πi : SL → Bi, i = 1, 2,
where Bi are Severi–Brauer surfaces over L. Consider the birational map
π2 ◦ π−11 : B1 99K B2.
After extension of scalars to K¯ it defines a birational map P2 99K P2 that is given by
a certain linear system of conics (see [Sh20a, §2] and references therein). This implies
that B1 and B2 correspond to opposite central simple algebras, see e.g. [GSh18, Exer-
cise 3.3.7(iii)]. On the other hand, the element z˜ ∈ Aut(SL) swaps the contractions π1
and π2, which means that B1 ∼= B2. Therefore, both B1 and B2 are isomorphic to P2. In
particular, the surface SL has an L-point. Hence S has a K-point of degree at most 2,
which contradicts our assumptions. 
Lemma 6.5. Let S be a del Pezzo surface of degree 6 over a field K of characteristic zero
such that rkPic(S) = 1. Suppose that S has no points of degree 1 and 2 over K. Then
the group Aut(S) has a normal abelian subgroup of index at most 3.
Proof. Let Γ be the image of the group Gal
(
K¯/K
)
in S3 × µ2. Since rkPic(S) = 1, we
conclude that Γ contains an element γ of order 3. The image ∆ of Aut(S) in S3 × µ2
commutes with Γ, and thus it is contained in the centralizer of γ, which is the group
of order 6 generated by γ and the central element z of S3 × µ2. Also, we know from
Lemma 6.4 that ∆ does not contain the element z. Hence ∆ is contained in the group of
order 3 generated by γ, and so the kernel of the homomorphism Aut(S)→ S3×µ2 is an
abelian group of index at most 3 in Aut(S). 
Corollary 6.6. Let S be a del Pezzo surface of degree 6 over a field K of characteristic
zero such that rkPic(S) = 1. Suppose that S has no points of degree 1 and 2 over K.
Let G be a finite subgroup of Bir(S). Then G has a normal abelian subgroup of index at
most 3.
Proof. Regularizing the action of G and running a G-Minimal Model Program, we obtain
a surface S ′ with an action of G and a G-equivariant birational map S 99K S ′, such
that S ′ is either a del Pezzo surface, or a conic bundle. Note that S ′ has no points of
degree 1 and 2 over K by Theorem 2.1. Applying Corollary 6.2, we see that S ′ is either
a cubic surface, or a del Pezzo surface of degree 6 with rkPic(S ′) = 1. In the former
case the group G is abelian by Lemma 5.5. In the latter case the assertion follows from
Lemma 6.5. 
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We conclude this section by a classification of birational models of cubic surfaces without
points and del Pezzo surfaces of degree 6 without points of degree 1 and 2 over the base
field. It is not necessary for the proof of the main results of this paper, but we find it
interesting on its own.
Lemma 6.7 (cf. Lemma 2.9). Let S be a del Pezzo surface of degree 6 over a field K
of characteristic zero such that S has no points of degree 1 and 2 over K. The following
assertions hold.
(i) One has rkPic(S) 6 2.
(ii) If rkPic(S) = 2, then S is birational to a non-trivial Severi–Brauer surface.
Proof. Suppose that rkPic(S) > 2. Keeping in mind Lemma 2.8, we see that there exists
an extremal contraction π : S → S ′ to a del Pezzo surface S ′ of degree d′ > 6 with
rkPic(S ′) = rkPic(S)− 1.
The surface S ′ has no points of degree 1 and 2 over K by Theorem 2.1. If d′ 6 8, then π
contracts at most two (−1)-curves on SK¯. This implies that S ′ has a K-point of degree at
most 2, which is a contradiction. Hence d′ = 9, so that S ′ is a non-trivial Severi–Brauer
surface. In particular, one has rkPic(S ′) = 1 and rkPic(S) = 2. 
Corollary 6.8. Let K be a field of characteristic zero, and let S be a surface over K of
one of the following three types:
• a smooth cubic surface with no K-points;
• a del Pezzo surface of degree 6 with no points of degree 1 and 2 over K;
• a non-trivial Severi–Brauer surface.
Suppose that S ′ is a surface over K birational to S, such that S ′ is either a del Pezzo
surface or a conic bundle. Then S ′ is also a surface of one of the above three types. In
particular, S ′ is not a conic bundle.
Proof. Note that S has no points of degree 1 and 2 over K. If S is a del Pezzo surface of
degree 6, this holds by assumption; if S is a cubic surface, then this holds by Lemma 2.2;
if S is a Severi–Brauer surface, this is well known, see e.g. [Ko16, Theorem 53(2)]. There-
fore, by Theorem 2.1 any surface S ′ birational to S has no points of degree 1 and 2
over K.
Suppose that S is a non-trivial Severi–Brauer surface. Then the required assertion
follows from [Sh20a, Corollary 2.4].
Suppose that S is a del Pezzo surface of degree 6 with no points of degree 1 and 2
over K. Then rkPic(S) 6 2 by Lemma 6.7(i). If rk Pic(S) = 1, the assertion is given
by Corollary 6.2. If rk Pic(S) = 2, we know from Lemma 6.7(ii) that S is birational to a
Severi–Brauer surface, and the required assertion follows.
Finally, suppose that S is a smooth cubic surface with S(K) = ∅. Then rkPic(S) 6 3
by Lemma 2.9(i). If rk Pic(S) = 1, the assertion is given by Corollary 2.11.
If rk Pic(S) > 2, we know from Lemma 2.9(ii),(iii) that S is birational either to a del
Pezzo surface S ′ of degree 6 with rkPic(S ′) = 1, or to a Severi–Brauer surface. Therefore,
in these cases the required assertion is implied by the above arguments. 
7. Birational automorphism groups
In this section we prove the remaining assertions of Theorem 1.4. Let us start with
deriving some consequences from Sections 2 and 6.
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Corollary 7.1. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅ and rkPic(S) = 3. Then every finite subgroup of Bir(S) contains a normal
abelian subgroup of index at most 3. Moreover, there exists a field K0 of characteristic
zero, a smooth cubic surface S0 over K0 with S0(K0) = ∅ and rkPic(S0) = 3, and a finite
subgroup G0 ⊂ Bir(S0) such that the minimal index of a normal abelian subgroup in G0
equals 3.
Proof. We know from Lemma 2.9(ii) that S is birational to a non-trivial Severi–Brauer
surface. Therefore, the first of the required assertions follows from Theorem 1.3.
To prove the second assertion, take a field K0 of characteristic zero and a non-trivial
Severi–Brauer surface S ′
0
over K0 such that Aut(S
′
0
) contains a non-abelian finite sub-
group G0; these exist by Theorem 1.3. Then the minimal index of a normal abelian
subgroup in G0 equals 3. Now we construct a cubic surface S0 as a blow up of S
′
0
at
two points of degree 3 over K0 in general position; note that such points always exist, see
e.g. [Ko16, Theorem 53(3)]. Thus S0 is a cubic surface without K0-points, and Bir(S0)
contains the group G0. 
Corollary 7.2. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅ and rkPic(S) = 2. Then every finite subgroup of Bir(S) contains an
abelian subgroup of index at most 3.
Proof. We know from Lemma 2.9(iii) that S is birational either to a non-trivial Severi–
Brauer surface, or to a del Pezzo surface S ′ of degree 6 with rkPic(S ′) = 1. In the former
case the assertion follows from Theorem 1.3. In the latter case we recall that S does not
contain points of degree 1 and 2 over K by Lemma 2.2. Hence S ′ also does not contain
points of degree 1 and 2 over K by Theorem 2.1. Therefore, the required assertion follows
from Corollary 6.6. 
Corollary 7.3. Let S be a smooth cubic surface over a field K of characteristic zero
with S(K) = ∅ and rkPic(S) = 1. Then every finite subgroup of Bir(S) is abelian.
Proof. By Theorem 2.10, one has Bir(S) = Aut(S). Thus the assertion follows from
Lemma 5.5. 
Remark 7.4. For an alternative proof of Corollary 7.3 that does not use the last assertion
of Theorem 2.10, one can argue as follows. Regularizing the action of G and running a G-
Minimal Model Program, we obtain a surface S ′ with an action of G and a G-equivariant
birational map S 99K S ′, such that S ′ is either a del Pezzo surface, or a conic bundle. By
Corollary 2.11, we have S ′ ∼= S. Thus the assertion follows from Lemma 5.5.
Finally, we complete the proof of Theorem 1.4. Assertion (i) is given by Lemma 5.5.
Furthermore, we know from Lemma 2.9(i) that rkPic(S) 6 3. Thus, assertion (ii) is
implied by Corollaries 7.1, 7.2, and 7.3 in the cases when rk Pic(S) equals 3, 2, and 1,
respectively. Assertion (iii) is given by Corollary 7.1.
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